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Abstract
A procedure to build up a dynamical model of the
gearbox with spur involute mesh is being described.
The main attention is paid to the design technology
of the cylindrical bodies elastic contact models. To
track geometry of contact implicit equations of algebraic/transcendental or differential-algebraic type are
being used. At the same time dynamical models of
the bodies involved, gearwheels and gearbox housing,
continue to be three-dimensional. Analytical computational procedures to obtain gradients and Hessians
are constructed for implementing the contact tracking
algorithm for the involute guided cylindrical surfaces.
The known Johnson model is applied for computing
the contact elastic normal force. This force is defined
as an implicit function of the mutual penetration depth
at contact. Regular algorithm to compute the normal
elastic force is built up. This algorithm is proved to
be convergent. A detailed analysis of the virtual setup
dynamic model is carried out.
Keywords: spur gear; involute; Johnson model;
mesh properties; tracking algorithm

1 Introduction
Computer modeling and simulation of dynamics for
gearboxes of different kinds is a wide spread engineering task. One might highlight here two extreme poles
of approaches for models constructing. Firstly, the finite element method can be used for building up sufficiently detailed dynamical models. It is clear that the
models created using such an approach consume quite
significant amount of computational resources. Secondly, on the other pole of models range one might
find simplified models of gearboxes dynamics allowing a very fast models for machines and their units
to develop. Examples of such models are presented,
for instance, in the Modelica Standard Library. In addition, there exist well developed models taking into
account friction forces during the mesh processes in

gearboxes [1]. One might also find several other interesting examples of the machinery applications including gearboxes models on Modelica [2, 3].
It is important to us to consider models incorporating both the rigid body dynamics sufficiently effective
from the computational viewpoint and more detailed
mesh models with different types of compliant contacts between teeth of gearwheels. The simplest problem in this way is the spur involute gear model implementation.

2 Cylindrical symmetry of 3D-bodies
contact
Staying in frame of the spatial multibody dynamics
classes previously developed [4, 5] it is quite natural
to use additional rigid body C playing the role of platform, for implementing a relative planar motion of the
bodies, two gearwheels denoted as A and B in our case.
These bodies assumed to have cylindrical shapes and
are able to move in the plane orthogonal to their generatrix. Let OC xyz be a coordinate system rigidly connected with the body C, and for definiteness let OC be
its center of mass. Assume the generatrix is always
collinear to the axis OC z which can be expressed by
the geometrical condition kα = kC (α = A, B), where
kα are the axis Oα zα unit vectors and kC is the unit
vector of the body C axis OC z. To keep bodies’ motion
parallel to the coordinate plane OC xy one has to require
two algebraic conditions for the bodies A and B mass
centers z-coordinates: zOA = const, zOB = const to be
satisfied. All coordinates are assumed with respect to
(w.r.t.) the frame OC xyz.
Algebraic equations mentioned can be easily implemented in implicit form if one uses, for instance, constraints of the joint type [4] to fix the bodies A and B in
the body C. In this case, the body C itself can perform
arbitrary spatial motions. We consider its movement
as being convective in compound motions of the bodies A and B w.r.t. certain inertial frame of reference.
Thus it is quite natural to call the body C as a gear

housing, and the bodies A and B are supposed to play
the role of gearwheels.
One might build up mechanical tools for the cylindrical bodies contact using 2D-geometry techniques
with aid of the above reduction to the plane OC xy. For
instance, the cylinders contact tracking model might
be written, similarly to [6], in the form of six, algebraic or transcendental, equations as follows
grad gA (rPA ) = λ grad gB (rPB ) ,
rPA − rPB = µ grad gB (rPB ) ,
gB (rPB ) = 0,
gA (rPA ) = 0,

(1)

3 Geometry of the spur involute gear

where rPα = (xPα , yPα )T (α = A, B) are the radius vectors for the points PA , PB under tracking w.r.t. the housing coordinate system OC xy; functions gα (r) express
equations for the curves bounding planar figures of the
bodies A and B w.r.t. the axes OC xy; λ, µ are the auxiliary scalar variables. Totally the system (1) has six
scalar equations w.r.t. six scalar variables xPA , yPA , xPB ,
yPB , λ, µ.
To complete classes corresponding to models of
contact one has to define contacting curves in the bodies own planar coordinate systems Oα xα yα in the form
fα (xα , yα ) = 0. If Tα is an orthogonal 2 × 2-matrix
defining current orientation of the body£α planar figure
¤
T
then obviously the relations
£ Tgα (r) = fα¤ Tα (r − rOα ) ,
grad gα (r) = Tα grad fα Tα (r − rOα ) ought to take
place.
Similarly, following the paper [7] one might easily
construct a model to track the cylindrical contact by introducing a system of differential-algebraic equations
of the form
ṙPA = uPA , ṙPB = uPB , λ̇ = ξ, µ̇ = η,

OC z-axis. Note that the points OA , OB might be located at different levels of the OC z-axis of the gearbox
housing. But nevertheless one should regard the equations (2), (3) in their planar version as being projected
onto the plane OC xy.
In this case, for complete implementation of the
contact model, we need to compute the gradients
grad fα and Hessians Hess fα at opposing points Pα in
bodies own coordinates.

One has to consider the involute equation in the plane
Oα xα yα of the gearwheel coordinate system Oα xα yα zα
for resolving the problem which has been formulated
above for the case of the spur involute meshing. For
this one has to apply polar coordinates Rα , θα defined
for each body α in the following known way: xα =
Rα cos θα , yα = Rα sin θα . For the involute unwinding
counterclockwise an equation for the polar coordinates
can be deduced from the known relations [8] in the
form
q
2
R2α − rαb
rαb
− θα = 0,
(4)
− arccos
rαb
Rα

where rαb is the involute base circle radius. To compute grad fα and Hess fα one has to use formulae of the
transformation (xα , yα ) 7→ (Rα , θα ) and apply an auxiliary Jacobi matrices arising in the process of analytical
calculations.
The contact tracking algorithm developed requires
equation of a curve in the form f (x, y) = 0 instead of
(2) equation (4). Introducing the notation
q
R2 − rb2
rb
− arccos − θ
(5)
p(R, θ) =
rb
R
= 0,

ωA , grad gA ] + TA Hess fA TAT (uPA − vPA ) −
[ω
ξ grad gB −¢
¡
ωB , grad gB ] + TB Hess fB TBT (uPB − vPB )
λ [ω
uPA − uPB − η grad gB −¢
¡
ωB , grad gB ] + TB Hess fB¡TBT (uPB − vPB )¢ = 0,
µ [ω
(grad gA , uPA ) − ¡grad fA , TAT vPA ¢ = 0,
(grad gB , uPB ) − grad fB , TBT vPB = 0,
(3)
where the vectors vPA , vPB are relative, w. r. t. the body
C, velocities of the bodies physical points currently located at the geometrical points PA , PB . One might calculate them according to the Euler formula
ωα , rPα − rOα ] (α = A, B),
vPα = vOα + [ω

where OA , OB are the bodies mass-centers mentioned
above, ω A , ω B are relative w. r. t. the housing angular velocities of the bodies, always directed along the

one can see easily that
p(R, θ) = f (R cos θ, R sin θ).

(6)

This equation is a starting point for producing all the
formulae for gradients and Hessians. Indeed by virtue
of (6) we have
µ
¶
∂(x, y)
xR xθ
grad p = ( fx , fy )
= grad f
(7)
yR yθ
∂(R, θ)
since grad p = (pR , pθ ). Therefore
·

∂(x, y)
grad f = grad p
∂(R, θ)

¸−1
.

(8)

4 Contact force model

One can see from (5) that

q
R2 − rb2
, −1 ,
grad p = 
rb R

The geometrical properties have been implemented as
(9) a class parameter for the base template described in [5]
for the model outlined above with contact of involutes.
Along with the geometrical properties model, the conand from the polar coordinates definition the relation tact elastic normal force model plays a key role as well.
According to the results of [9] the Johnson contact
µ
¶
model [10] seems to be the most acceptable one for
∂(x, y)
cos θ −R sin θ
=
.
the case of the cylindrical bodies contact. The model
sin θ R cos θ
∂(R, θ)
can be expressed as an equation written for the case of
follows. Hence,
so-called external contact
·
¸
!
N
4πE ? (ρA + ρB )
·
¸−1 Ã cos θ
sin θ
h=
ln
−1 ,
(13)
∂(x, y)
πE ?
N
=
(10)
sin θ cos θ .
∂(R, θ)
−
R
R
representing an implicit function N(h) for the specific
normal elastic force, per unit of length along the cylinTo complete the computation of grad f as a function of
der generatrix, depending on the depth h of mutual apx, y one can remark that
proach (penetration). Here in equation (13) E ? is the
p
composite modulus of elasticity for the contact. It satx
y
R = x2 + y2 , cos θ =
, sin θ =
.
isfies the equation
R(x, y)
R(x, y)
(11)
1 − ν2A 1 − ν2B
1
From (7) for the Hessian computation note that
+
,
=
E?
EA
EB
µ
¶
∂(x, y) T
∂(x, y)
where EA , EB are Young’s moduli of bodies’ material,
Hess p =
Hess f
+
(12)
νA , νB are Poisson ratios. Values ρA , ρB are radii of
∂(R, θ)
∂(R, θ)
fx Hess x + fy Hess y,
curvature for involutes in the mesh each computed at
current positions of the points PA , PB respectively.
where the following notation has been used
Remark 1 Staying in frame of the Hertz model con

rb
ditions,
we assume the contact area dimensions small
µ
¶
q
0
pRR pRθ

 2
2
2
as
compared
with the sizes of contacting bodies. Thus,
Hess p =
=  R R − rb
,
pθR pθθ
the cylindrical involute surfaces in vicinities of points
0
0
PA , PB are approximated by the circular cylinders
with an accuracy of order higher than two. Appliµ
¶ µ
¶
xRR xRθ
0
− sin θ
Hess x =
=
, cation of equation (13) means that we virtually rex
x
−
sin
θ
−R
cos
θ
θR
θθ
place the cylindrical surfaces with involutes as guides
¶
µ
¶ µ
yRR yRθ
0
cos θ
by the circular cylinders with the same radii of curHess y =
=
,
cos θ −R sin θ
yθR yθθ
vature at any current instant of simulation time. Evidently these cylindrical surfaces, involutive and circuNow one can obtain from equation (12) a formula
lar ones, have mutual tangency of the second order.
for the Hessian we sought
"µ
Hess f =

∂(x, y)
∂(R, θ)

Computational implementation of formula (13) inversion reduces to an equation w.r.t. dimensionless
variables x, y defined in the following way:

¶T #−1
×
µ

∂(x, y)
(Hess p − fx Hess x − fy Hess y)
∂(R, θ)

¶−1
.

x=

e
h,
4 (ρA + ρB )

y=

e
4πE ? (ρ

A + ρB )

All the objects included here on the right hand side Then (13) becomes equivalent to the equation
have explicit expressions in polar coordinates. It is evy · ln y = −x
ident, these expressions can be resolved w. r. t. coordinates x, y with aid of transformation (11).
defining the implicit function y(x).

N.

(14)

To resolve equation (14) correctly in vicinity of its
evident solution x = 0, y = 0 one has to find a segment of monotonicity of the left hand side of (14). The
zero solution corresponds to the case of beginning of
the contacting process. In this case, a contact patch,
generically rectangular area, degenerates into the 1Dline segment along the cylindrical surfaces generatrix.
£
¤
It is easy to see that the segment sought is 0, e−1 .
Within this segment the left hand side function of (14)
decreases monotonically from zero to −e−1 . Thus
one can define an area of applicability of the Johnson
model by the following inequalities
h≤

4 (ρA + ρB )
,
e2

N≤

4πE ? (ρA + ρB )
.
e2

(15)

From the involute properties and using Figure 1 the
relation ρA + ρB = |KA KB | is satisfied to within the
(small enough) value h. For this reason, if the material
stiffness is sufficiently large then the depth h is small
enough, and then the left condition of (15) is always
satisfied. Here, the points KA , KB are the points of a
tangency between the line of action and base circles of
gearwheels.
For real materials even the condition h ¿ |KA KB |
is satisfied. Then for Young’s moduli large enough
the £Johnson
¤ model is surely valid on the segment
−1
y ∈ 0, e
of monotonicity for the left side of equation (14). Since the derivative for the left side of equation (14) at y = e−1 is equal to zero then we may
furthermore restrict ourselves by set of strict monotonicity corresponding to the condition 0 ≤ x < e−1 ,
or equivalently to 0 ≤ y < e−1 .
Moreover, equation (14) has a singularity at zero.
Therefore, we shall construct an algorithm for computing the function y(x) taking into account that 0 <
x < e−1 . To proceed with the algorithm replace an unknown function y(x) in equation (14) by the function
η(x) according to the formula y(x) = xη(x). Then a
new equation has the form
η(ln x + ln η) + 1 = 0.

(16)

more suitable for investigating and computing the solution for the given value of ν.
To overcome the problem we need in an algorithm
with the behavior regular enough in vicinity of zero.
It turned out equation (17) delivers also an iteration
process in the explicit form
ηn+1 = ν (1 + ηn ln ηn ) , n = 0, 1, . . .

(18)

One might set any value η0 satisfying the condition
0 < η0 ≤ e−1 as a guess value of iteration process (18).
It is easy to see the numeric sequence {ηn }∞
n=0 built
up using process (18) is strictly positive and bounded:
0 < ηn < ν. Therefore, this sequence has at least one
limit point η? . It is equivalent to an existence of the
subsequence {ηnk }∞
k=0 converging to this limit ηnk −→
η? as k −→ ∞.
This limit is unique. Indeed, by virtue of (18) the
limit satisfies equation (17). If there would be another
different limit η?? then equation (17) should have at
least two different solutions on the set [0, 1). Then as
a consequence equation (14) should have two different
solutions on the set [0, e−1 ) what is impossible because
it has exactly one solution on this set.
Computations show that iteration process (18) converges fast enough. Merit of the process is that it
works equally well for all admissible values of x. If
x becomes close to zero then the value ν > 0 is also
small. Besides, for any arbitrarily small η > 0 the
function η ln η always stays uniformly bounded. Thus
the iteration operator conserves its regularity for any
admissible x.
Other class parameters of the contact model template in our case are following: (a) normal viscous
term was selected similar to the implementation described in [7]; (b) tangent friction force model for definiteness and simplicity, similar, for example, to the paper [11], was selected as a regularized Coulomb friction law having a shape of the piecewise linear function of relative velocity at contact [6]. There are no
difficulties for changing the corresponding class parameter and for applying any different model, more
complicated than ones mentioned above.

Let us introduce here a new known independent
variable µ instead of the old one x according to the
5 Algorithm of teeth pairs switching
equation
1
To describe the algorithm we assume gearwheels in
.
ν=−
ln x
rotational motion each such that the pinion, wheel A,
The value ν is small and positive if the value x is small rotates clockwise, and the gear (B) does it counterand positive. Then equation (16) is transformed to the clockwise. We consider a process of initial data generform
ation later. When boosting the pinion tooth in generic
η = ν(1 + η ln η)
(17) case starts to penetrate the corresponding gear tooth

Figure 1: The mesh scheme
because of the compliance at contact. Suppose for
simplicity this penetration continues during the motion without any backlash. The backlash possibility
requires additional complications of the model.
Remind the points PA and PB of involutes are opposing each other at contact. Then using known properties
of an involute one can prove the following
Assertion 1 The points PA and PB always lie on the
line of action KA KB , see Figure 1.
Generally, due to the compliance of contact the
point PB will be located on the line KA KB to left from
the point PA and above it, see Figure 1. Thus while the
pinion rotates by a pitch angle ∆γA , and the point PA
reaches the position b (starting from its initial position
a of the mesh cycle), contact itself does not really vanish. This may happen only after the point PB had also
passed the position b.
On time interval, while the geometrical point b had
been passed initially by the point PA and then by PB ,
contact model has to be more complicated than the
Johnson one being applied here. This model strongly
depends on the tooth tip relief had been implemented
in the gearbox. The tip may be assumed sharp, as a
point of the involute and addendum circle intersection,
or curved with smoothed edges. For instance, it may
have circular profile of the radius small enough between the involute and the addendum circle.
Exactly at the instance of the point PA passing
through the position b, the similar point PA of the next
teeth pair, denote it by prime PA0 , passes through the
position a. Really to this time, contact between the

next teeth pair may already be existed. But requirements of the Johnson model will be implemented only
after the point PB0 of the next pair contact will pass
through the position a.
Thus in case of the compliant contact one cannot
avoid a presence of two simultaneous contacts: (a)
“decreasing” contact in vicinity of the position b existing at this position after the point PA had passed
through b; (b) “increasing” contact in vicinity of the
position a arising at a before the point PB0 will pass
through it. Remind that all these stages of transition
arise simultaneously.
In our simplified approximate contact model we
assume that exactly at the moment when the point
PA passes through the position b the Johnson contact
model instantly switches from the point b of the current teeth pair to the point a of the next one. Exactly at
this moment the point PA0 passes the position a. Denote
this time instant as t? .
First of all one should set that
rPA (t? ) = ra .
To define the vector rPB (t? ) it is sufficient to find
a distance between points PA0 and PB0 of the new teeth
pair. It is not difficult to check that this distance is
equal exactly to the one between points PA and PB at
the same instant. Note that simultaneously points PA0
and PB0 should lie on the line KA KB , first PA0 then PB0 if
counting from KA to KB . Thus one can also set that
rPB (t? ) = rPA (t? ) + rPB (t? −) − rPA (t? −) .
To obtain starting values λ (t? ), µ (t? ) for the next
mesh cycle one has to compute norms of gradients

|grad gA |, |grad gB | (co)vectors and then use the first Assertion 2 In case of involutes the equation
and the second equations of the system (1). Gradients
rBb
λ=−
are to be computed at points PA0 and PB0 respectively.
rAb
Since we always suppose that gradients are directed
represents an integral of motion for the contact track“outside” the bodies at contact, we have to assume that
ing system of DAEs (2), (3).
Indeed, one can see from above that the variable λ
keeps its initial value all time of simulation
Furthermore, since functions gA , gB are derived from
rBb
the functions fA , fB by translatory and rotary motions
λ(t) ≡ λ (t0 ) = λ (t? ) = − .
rAb
of the three dimensional space R3 then the following
This property may be very useful to control an accucondition is satisfied
racy of computations during the simulation process.
|grad gα | = |grad fα | (α = A, B).
λ (t? ) < 0,

µ (t? ) < 0.

To compute the value |grad fα | let us apply equations (8), (9), (10) from above in the following way

q

2
cos θα
sin θα
R2α − rαb
, −1  sin θα cos θα 
grad fα = 
−
rαb Rα
Rα
Rα

q
µ
¶
2
R2α − rαb
1
cos
θ
sin
θ
α
α
,− 
,
=
− sin θα cos θα
rαb Rα
Rα
where Rα , θα are the polar coordinates in the body α
coordinate system Oα xα yα . One can see easily from
last equation that the (co)vector grad fα is a result of
the (co)vector

q
2
R2α − rαb
1

,− 
rαb Rα
Rα
rotation by the angle θα . Then one can write down the
norm sought as
|grad gα | = |grad fα | =

1
rαb

(α = A, B).

6 Some details of implementation
As it was already mentioned the template
ContactConstraintBaseTemplate

developed earlier [5] has been applied for implementing the contact model of two gearwheels with spur involute gearing. The template has four class parameters
defining models of: (a) the normal elastic force, (b)
the normal force of viscous resistance, (c) the tangent
force of resistance for relative slipping at contact, (d)
geometry of surfaces in vicinity of contact, in our case
they are the cylinders guided by an involute.
As it was already noted we guess approximately that
a contact patch is the rectangular strip, in general thin
enough. The normal elastic force is assumed to be uniformly distributed in one dimension along the generatrix of cylinder over the patch.
Let us consider in more details an implementation
of the class parameter responsible for geometry properties of the contact. This class is implemented as a
four-level hierarchy of inheritance for the properties
and behavior:
CylindricCompliantConstraint
↓
CylindricCompliantConstraintAddOn
↓
CylindricSurfacesOfConstraintDifferential
↓
InvoluteAndInvoluteDifferential

Thus the gradient (co)vector of the function defining the involute has a constant norm inversely proportional to the base circle radius. Now from the first and
the second equations of the system (1) we have respectively
A differential-algebraic equations are applied here for
implementing the contact tracking algorithm.
|grad gA |
rBb
=− ,
λ (t? ) = −
A base class for all geometry classes implement|grad gB |
rAb
ing
cylindrical contact is the model Cylindric|r (t −) − rPA (t? −)|
µ (t? ) = − PB ?
=
CompliantConstraint. This class is responsible
|grad gB |
for computation of geometric and kinematic proper−rBb |rPB (t? −) − rPA (t? −)| .
ties of the points PA and PB under tracking w. r. t. the
And useful in all aspects result was obtained by the third body C, the gearbox housing. These properties
way:
are described in particular by the following variables:

• rAr, rBr are the points PA and PB relative positions;
• gradgAr, gradgBr are the cylindrical surfaces
gradient vectors computed at points PA , PB respectively in the frame of coordinates OC xyz;
• normAr is the unit vector normal to an outer surface of the body A computed at the point PA w. r. t.
the coordinate system OC xyz;

• kappa is the contact indicator which is: (a) equal
to zero for the case of the surfaces touching each
other by segment of strait line, (b) positive and
equals to the distance between the surfaces for the
case of contact absence, (c) negative and characterizes depth of mutual penetration for the case of
contact, contact patch has a rectangular shape;
• kappaA, kappaB are the parameters defining
elastic properties of bodies A and B respectively.

• vrAr, vrBr are relative velocities of bodies’ A, B
Section of equations/behavior for this model has the
points currently occupying the geometric points
following code
PA , PB locations;
Modelica code of the current class under descrip- equation
kappa = sqrt(gradgBr*gradgBr)*mu;
tion, its section of equations, reads

if noEvent(kappa <= 0) then
equation
PA = kappaA*rB + kappaB*rA;
rA = InPortC.r + InPortC.T*rAr;
PB = PA;
rB = InPortC.r + InPortC.T*rBr;
else
gradgA = InPortA.T*gradfA;
PA = rA;
gradgB = InPortB.T*gradfB;
PB = rB;
normA = gradgA/sqrt(gradgA*gradgA);
end if;
gradgAr = (transpose(InPortC.T)*
vPA = transpose(InPortC.T)*
InPortA.T)*gradfA;
(InPortA.v + cross(InPortA.omega,
gradgBr = (transpose(InPortC.T)*
PA - InPortA.r));
InPortB.T)*gradfB;
vPB = transpose(InPortC.T)*
normAr =
(InPortB.v + cross(InPortB.omega,
gradgAr/sqrt(gradgAr*gradgAr);
PB - InPortB.r));
vrA = InPortA.v + cross(InPortA.omega,
relv = vPA - vPB;
rA - InPortA.r);
relvnr = relv*normAr;
vrB = InPortB.v + cross(InPortB.omega,
relvn = InPortC.T*relv*normAr;
rB - InPortB.r);
vPAn = vPA*normAr;
vrAe = InPortC.v +
vPBn = vPB*normAr;
cross(InPortC.omega,
vPAt = vPA - vPAn*normAr;
rA - InPortC.r);
vPBt = vPB - vPBn*normAr;
vrBe = InPortC.v +
relvtr = vPAt - vPBt;
cross(InPortC.omega,
relvt = InPortC.T*(vPAt - vPBt);
rB - InPortC.r);
relvtsqrt = sqrt(relvt*relvt);
vrAr = transpose(InPortC.T)*
OutPortA.F = Forcet +
(vrA - vrAe);
Forcen*normA + Forcev*normA;
vrBr = transpose(InPortC.T)*
OutPortA.P = PA;
(vrB - vrBe);
OutPortB.P = PB;
end CylindricCompliantConstraint;
end CylindricCompliantConstraintAddOn;

In the derived class CylindricCompliantConstraintAddOn:

The next derived class CylindricSurfacesOfConstraintDifferential implements the DAE

• PA, PB are variables for coordinates of the points system (2), (3). Its Modelica code is similar to one of
where a resultant contact forces are applied, in the class SurfacesOfConstraintDifferential
directions of bodies A and B respectively;
described in [7] for the generic case of the Hertz-point
model. The difference concerns an account of the
• relvnr is the normal component, in case of PA
cylindrical symmetry for the current case.
= PB, of the velocity for the point PA of the body
Finally, the contact surfaces, rather curves bounding
A relative to the body B;
planar figures of bodies, specifications are defined in
• relvtr is the tangent component of the the body the last class of the inheritance chain InvoluteAndA relative velocity at PA = PB w. r. t. the coordi- InvoluteDifferential. This model implements
an algorithm described in Section 3 for computing of
nate system OC xyz;

gradients and Hessians in bodies’ coordinates systems.
As one can see from Section 3 corresponding Modelica code has to be bulky enough.
It is clear that when working two teeth of gearwheels A and B cannot stay in the meshing process
during long time. One can see in Figure 1 that in case
of the pinion rotation clockwise the contact point (segment of line), or rather contact patch small enough,
moves from the point a to the point b of the line of
action KA KB . At the very moment of contact loss for
the current pair of teeth at the point b the next pair arrives at contact, the point a, and new “point” of contact
starts its motion along the meshing strait line of action.
One has to note here that for simplicity we consider
a mesh process without overlapping of time intervals
for the teeth pairs contacting. If they are overlapped
then one should create at least two contact objects
“connecting” the objects of bodies A and B. These objects are to be activated/deactivated alternatively when
arriving at/departing from the point a/b.
While the contact patch moves from its position a
to the position b each of gearwheels A, B rotates by
the pitch angle ∆γA , ∆γB respectively. The last class of
the inheritance line considered above besides the computation of gradients and Hessians implements also a
switching process for the pairs of gearwheels thus synchronizing this switching with the corresponding angles of rotation for the bodies A and B.
This mechanism for discontinuous jumps of the
contact points is implemented by the Modelica event
handling facility. Code of the class InvoluteAndInvoluteDifferential fragment concerning required switching reads
...
der(phirel_A) = Active*omegarel_A[3];
der(phirel_B) = Active*omegarel_B[3];
Deltar = rBr - rAr;
when abs(phirel_A) > gamma_A +
gamma_Astep then
reinit(gamma_B, abs(phirel_B));
reinit(rAr[1], rA0[1]);
reinit(rAr[2], rA0[2]);
reinit(rBr[1], rA0[1] + Deltar[1]);
reinit(rBr[2], rB0[2] + Deltar[2]);
reinit(lambda, lambda0);
reinit(gamma_A, gamma_A +
gamma_Astep);
end when;
...

variables having derivatives defined as z-components
of the wheels relative angular velocities vectors
omegarel_A and omegarel_B.
In the code fragment above, variables rA0, rB0, in
addition to ones already described, correspond to the
points PA , PB initial position, at the point a in Figure 1,
vectors in the contact tracking algorithm. Relative,
w. r. t. PA , position of the point PB for the new teeth
pair being directed, as we know, along the line of action KA KB , has to be equal, because of rigidity, to the
similar position for the previous pair losing contact at
the event. This relative position is tracked by the variable Delta.
The variables mu, lambda correspond to the variables µ, λ in equations (2), (3); lambda0 correspond
to the λ initial value at the position a; gamma_A,
gamma_B are the variables for the gearwheels angles
of rotation changing by the pitch values ∆γA , ∆γB being stored in variables gamma_Astep, gamma_Bstep.
Note that for correct handling of the switching process it is sufficient to track only the pinion, body
A, angle of rotation and use only the variables gamma_A, gamma_Astep, phirel_A, omegarel_A. Initial depth of penetration, just after the contact switch,
for the new pair is defined by the variable mu remains
the same as for the previous pair of teeth in contact.
This is because the gradient, from the right hand side
of the second equation in system (1), norm stays constant in case of the involute. This constant is equal to
the value 1/rBb . For definiteness the wheel A supposed
to rotate monotonically clockwise.

7 Computational experiments

To perform a computational testing program for the
gearbox model one builds up a virtual setup consisting
of two gearwheels: the pinion A and the driven gear B.
For simplicity one assumes the gearbox housing C be
fixed w. r. t. inertial frame of reference, and the origin OC of its coordinate system OC xyz coincides with
the pinion geometrical center OA . Cylindrical revolute
joint connecting the bodies A and C is also located at
the point OC . The gearwheel B center OB is located
on the horizontal axis OC x. Here, at OB , a cylindrical
revolute joint connecting the body B and the auxiliary
slider S is located. The slider S is in turn able to slip
freely w. r. t. the body C along the axis OC x, though
this sliding performs with a resistance of the spring of
Here the variables phirel_A, phirel_B are to ac- high stiffness with the damper. This spring connects
cumulate an angles of rotation for the bodies A, B bodies C and S between one another.
We introduced in the current experimental setup unw. r. t. the housing C. They are the model state

Figure 2: The Virtual Setup Visual Model
der description a compliance between the bodies B and
C. This compliance is implemented by the auxiliary
slider mentioned and is directed along the line OA OB
connecting the wheels centers and lying on the axis
OC x. Such a construct prevents the static indefiniteness in the model for the case of rigid contact at the
mesh point of gearwheels A and B. A visual model of
the setup is shown in Figure 2.

where αw inf = inf αw is the lower bound for all the
pressure angles permissible by the parameters above.
Its value is defined by the formula
αw inf = arctan

2π
.
zA (1 + n)

For definiteness we will use the following value
αw = 1.05αw inf .

Furthermore, using the pressure angle and transmission ratio one cam compute sequentially all geometThe following independent parameters are defined in rical parameters needed which are shown in Figure 1.
the mesh model:
First the base circles radii can be found as

7.1 Parameters of the model

• zA = 20 is number of teeth for the pinion;

rαb = rα cos αw

(α = A, B).

• zA = 30 is number of teeth for the driven gear- Then one can compute a full length of the line of action
wheel;
as follows
−−−→
• rA = 0.2m is the pinion pitch circle radius.
|KA KB | = rA (1 + n) sin αw .
After that the remaining geometry parameters of the
At the same time a length of any segment [a, b]
mesh are computed as follows:
along this line is exactly the length of arc for any of
the base circles corresponding to the pitch angle ∆γA
• n = zB /zA is the transmission ratio;
or ∆γB
−
→
• rB = nrA is the pitch circle radius of the driven
|ab| = rα ∆γα (α = A, B).
gearwheel;
Initial distance between the gearwheels centers is
• ∆γA = 2π/zA , ∆γB = 2π/zB are the gearwheels an- equal to the value L = rA + rB . To compute initial conditions for the contact tracking system of DAEs (2), (3)
gular pitches;
we need in additional computations. From the descripTo define the mesh further it is essential to set the
tion above we have for absolute initial coordinates of
pressure angle αw value. It can be chosen using the
the points OC and OA
condition
rOC = rOA = (0, 0, 0)T .
αw > αw inf ,

Thus we can define an initial values for the angles
Thus an initial position of the gear center is defined by
of rotation of bodies A and B in the form
the equation
rOB = (L, 0, 0)T .
ϕα (t0 ) = arg ζα − θα (α = A, B),
Initial positions of the points KA and KB can be computed easily, see Figure 1, with use of the following where complex numbers ζA , ζB are defined via the vecvector formulae
tors ra − rOα components as
rKA
rKB

= rOA + rAb (cos αw , sin αw , 0)T ,
= rOB − rBb (cos αw , sin αw , 0)T .

ζα = (xa − xOα ) + i (ya − yOα )

(α = A, B).

Note that the function arg of complex argument has a
After that the line of action directing vector can be ob- computer implementation as a standard library func−−−→
tained as KA KB = rKB − rKA . And now one can define tion atan2.
a position of the point a, where the contact process beInitial quaternions of bodies A and B orientation are
gins, in the form
defined using known formulae
µ
¶
−−−→
→
− ´ KA KB
1 ³ −−−→
ϕα (t0 )
ϕα (t0 ) T
ra = rKA +
|KA KB | − |ab| −−−→ ,
qα (t0 ) = cos
(α = A, B).
, 0, 0, sin
2
2
2
|KA KB |
State variables of the DAE system (2), (3) tracking
and also an initial position of the point b, where the
contact
are to satisfy the following initial conditions
contact losses, has the representation
rBb
−
→
rPA (t0 ) = rPB (t0 ) = ra , µ (t0 ) = 0, λ (t0 ) = − .
|ab| −−−→
rAb
rb = ra + −−−→ KA KB .
|KA KB |
Note here that in case of the involute the state variAfter the endpoints a, b of an active segment of the able λ(t) turned out to be constant value
line of action have been defined it is time to compute
λ(t) ≡ const = λ (t0 ) .
the addendum radius rBa of the gear as a distance between the point a and the initial position of OB , see
Thus this equation represents exactly integral of moFigure 1. The addendum radius rAa of the pinion is in
tion, and it can be used effectively to control an accuturn a distance between an initial position of the point
racy of computations.
b and OA . These radii are defined by the equations
Finally, in the example under consideration the constant
driving torque MA = (0, 0, −1N · m)T assumed
rAa = |rb − rOA | , rBa = |ra − rOB | .
being applied to the pinion A while the viscous torque
To compute initial angles of rotation for the pinion of resistance MB = (0, 0, −10ϕ̇B )T is applied to the
and gear we assume that at an initial instant of simu- gear B. Gearwheels themselves assumed made of steel
lation teeth of an initial pair are touching each other with Young’s modulus EA = EB = 2 · 1011 Pa and Poisgeometrically without any pressure, and, as a result, son ratio νA = νB = 0.3, and have the same width,
mutual penetration is absent. An initial angular veloc- along the axis of rotation, of 0.1m.
ities of the gearwheels assumed equal to zero. For definiteness we also assume that the axis OA xA of the body 7.2 Dynamic transmission error
A crosses the base circle exactly at a root point of the
involute. This involute defines a surface of the tooth A value of the dynamic transmission error (DTE) has
contacting with its mate exactly at the point a. Sim- been chosen for the computational verification. If
ilarly, the body B axis OB xB passes through the root force of friction exists at contact then DTE is not conpoint of the contact involute of the body B at initial stant. First of all let us introduce the auxiliary variable
instant.
∆ = −rAb ϕA − rBb ϕB .
(19)
One can compute the polar angles of each the involute mentioned above using the equations (4) with the This value characterizes a mismatch for the base cirfollowing equations (α = A, B)
cles arc lengths. If teeth in pairs contacting have
q
an ideal “rigid” unilateral constraints without compli2
|ra − rOα |2 − rαb
ance, and switching between teeth pairs is also ideal
rαb
θα =
,
− arccos
then the value of ∆ has to be an identical zero.
|ra − rOα |
rαb

Figure 3: Comparison of the discrepancy (Delta) and the depth of penetration (Depth)
To undertake an analysis more detailed let us consider the results of numeric experiments. Firstly, one
can remark that in case of the involute mesh a discrepancy ∆(t) from (19) has to be identical with the
depth of mutual penetration of rigid teeth in vicinity
of contact point. Indeed, the discrepancy (19) is exactly the difference between the arc distances of base
circles while each of the wheels A and B rotates. This
difference is accumulated from the very initial instant
of simulation.
On the other hand it is known that the segment PA PB
is a perpendicular common to the teeth involutes penetrating each other, and simultaneously PA PB lies exactly on the line KA KB and its length is exactly the
depth of teeth mutual penetration. Then there exists
the only geometric possibility: the condition
−−→
|PA PB | ≡ κ(t) ≡ ∆(t)

An effect obtained in an angular displacements due
to pressing and subsequent penetrating in the Johnson contact model is certainly like one derived due to
torsional deformations of elastic gearwheels [12, 13].
Moreover, finite element modeling do not disturb in
any essential degree the whole dynamical picture if
used to simulate teeth bending when contacting [14].
Indeed, one can compute the DTE according to the
formula
δ = −rAb ψA − rBb ψB

(20)

similar to (19). Here the values ψA , ψB are the angular
displacements of the pinion and gear from their mean
nominal positions ΦA (t), ΦB (t) such that the following
equations fulfill
ϕα (t) = Φα (t) + ψα (t) (α = A, B).

These nominal values Φα (t) correspond just to the
has to be satisfied. The functions ∆(t), κ(t) derived
independently in the model are compared in Figure 3. case of rigid contact satisfying evidently the following

kinematic identity
−rAb ΦA (t) − rBb ΦB (t) ≡ 0.
Hence, it turns out in frame of our considerations that
the identity
∆(t) ≡ δ(t)

Table 1: Comparative efficiency
Type of the
contact model
Johnson’s
Johnson’s
rigid
rigid

Coefficient
of friction
0.3
0
0.3
0

CPU
time
20.4
16.1
13
11.4

takes place.
Let us investigate now sources of the DTE presented
in Figure 3. If one eliminates completely in the model
the friction between teeth surfaces then the value δ(t)
will grow asymptotically to its limit value thus provid- consider in our model the case of mesh ratio which is
ing a systematic error of transmission, see Figure 4, equal to one.
blue curve. The reason for this error is evidently a
mutual penetration of the compliant contact model of
7.3 Comparison with a rigid contact
Johnson.
A goal of our further numerical experiments is to compare two contact models when meshing: (a) the Johnson model, (b) the rigid contact model without compliance. The results of models under comparison simulation run showed for illustration in Figure 5. The
normal contact force is counted along the y-axis of the
plot. Case of the Johnson model corresponds to the
blue curve while the red one is for the case of rigid
contact model.
Comparison of the simulation results shows in Figure 5 that both contact models, the Johnson one and the
rigid contact, bring the same dynamic result. The only
difference is that the Johnson model generates addiFigure 4: The DTE without (blue) and with (red) fric- tional oscillations of the normal contact force being superimposed on the normal force behavior for the rigid
tion
case. Moreover, one can see from detailing shown in
If one introduces to the whole gearbox model, the Figure 5 that rigid contact model looks like a result of
simplest model of the Coulomb friction with the coef- the procedure of averaging for the dynamics with the
ficient f = 0.3 then the systematic error will be super- compliant contact, Johnson, model.
An advantage of the latter case is that this case of
imposed by the periodic one, see Figure 4, red curve.
This latter error has discontinuities at instants of the the contact model makes it possible to apply an arbicontact teeth pair changes and at the instant when the trary number of contacts for the body in the multibody
contact patch passes through the pitch point P, see Fig- system dynamics model without any restrictions. At
ure 1. The periodic DTE almost completely coincides the same time the rigid contact model does not allow
with similar curves presented in papers [12, 13]. In the such a possibility.
graphs of these papers one can note only small variaOn the other hand, any contact model based on the
tions from exact curves of our Figures 3,4. An origin FEM code application requires much more computaof these variations is evidently additional small devi- tional resources than in case of the “simple” compliation derived due to more exact account of the elastic ant model analysed above. To compare an effectivetorsion oscillations considered in [12, 13]. Additional ness of the Johnson contact model and the model using
splash of weak torsional oscillations one can observe the rigid unilateral contact constraint consider Table 1
in [12, 13] exists because of the multiplicity of teeth with preliminary relative estimations of the CPU time,
contacts in that model: time segments overlap for the in seconds, needed for both cases with addition of the
mesh cycles of the nearby pairs. So when contact of friction force influence. Here the results of the simuthe previous teeth pair vanishes then additional elas- lation run are presented, without any optimization, for
tic disturbance arises. Remind that for simplicity we the model time of 5 seconds.

Figure 5: Comparison of the models with (blue) and without (red) compliance at contact
One can note easily from Table 1 that the Johnson
model increases computational time in some degree,
not larger than twice, in compare with the fastest case
of the rigid contact. And simultaneously this model
with compliance increases considerably the flexibility
and universality of simulation tools in a wide range of
applied problems.

8 Conclusions
Comparing our previous results with the above ones
we can conclude that:
• since cylindrical contact models are restricted to
the 2D-geometrical considerations they are simpler in a certain sense than the 3D-models;

• involute meshing requires additional analytic efforts causing additional computational complexity increase;
• compliant models create an effect similar to one
generated by the torsional elastic deformations of
gearwheels;
• compliant model built up showed an efficiency
high enough comparable with the fastest case of
geometrically rigid constraint;
• the computer model built up makes it possible in
an evident way to construct models of gearboxes
of any complexity for the spur involute type of
meshing.

• on the contrary, dynamical models became more 9 Acknowledgements
complex in some degree because the Johnson
model forces us to deal with the transcendental The paper was prepared with partial support of Russian Foundation for Basic Research, projects 08-01equation having a singularity at zero;

00600-a, 08-01-00718-a, 08-08-00553-a.
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